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Abstract. We investigate the phenomenon of bipartite entanglement revivals under
purely local operations in systems subject to local and independent classical noise
sources. We explain this apparent paradox in the physical ensemble description
of the system state by introducing the concept of “hidden” entanglement, which
indicates the amount of entanglement that cannot be exploited due to the lack of
classical information on the system. For this reason this part of entanglement can
be recovered without the action of non-local operations or back-transfer process.
For two noninteracting qubits under a low-frequency stochastic noise, we show that
entanglement can be recovered by local pulses only. We also discuss how hidden
entanglement may provide new insights about entanglement revivals in non-Markovian
dynamics.
PACS numbers: 03.67.-a, 03.65.Ud, 03.65.Yz
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1. Introduction
Entanglement, arguably the most peculiar feature of quantum mechanics, plays a
key role in several quantum information and communication applications, including
teleportation, quantum dense coding, private key distribution, and reduction of
communication complexity [1, 2, 3, 4]. To work properly, all the above tasks generally
require pure maximally entangled states. Since entanglement cannot be generated by
Local Operations and Classical Communication (LOCC), entangled states must be
generated somewhere, and then they have to be distributed among different parties,
possibly far away from each other (transmission) [3, 4]. Once entanglement has been
distributed, it can be used immediately or stored for later use (storage). Systems
physically supporting entangled states, unavoidably interact with the environment, both
during transmission and storage, and therefore undergo noisy processes that deteriorate
entanglement. Quantification of entanglement losses is thereby necessary for all pratical
purposes.
For a pure state ρ = |ψ〉〈ψ|, bipartite entanglement between subsystems A and B
is unambiguously defined as the entropy of entanglement E(|ψ〉〈ψ|) = S(ρA) = S(ρB),
where S(ρi) is the von Neumann entropy of one of the two reduced states, ρA = TrBρ
and ρB = TrAρ. The quantification of entanglement for mixed states is a much more
complicated and still open problem [3, 4]. The difficulty roots in the fact that a mixed
state ρ may be decomposed into an ensemble of pure states ρ =
∑
i pi|ψi〉〈ψi|, with
pi > 0 and
∑
i pi = 1, in infinite different ways. The arbitrariness of the decomposition
renders any quantification of mixed-state entanglement cumbersome, since it requires
an optimization over all possible decompositions.
In this article, we address the issue of the occurrence of entanglement revivals of
a bipartite system, initially prepared in an entangled state, when the two subsystems
are noninteracting and affected by local independent classical noise sources and local
operations (see Fig. 1(a)). In the absence of non-local operations, entanglement cannot
be generated neither back-transferred to the system from the classical environment.
Nevertheless, during the system dynamics, entanglement quantified by some measure
E may start to increase at some time t¯ [5, 6] as illustrated in Fig. 1(b). As we
will explain, the increase of entanglement must be attributed to the manifestation
of preexisting quantum correlations, that were already present before t¯. The density
operator formalism does not capture the presence of these quantum correlations, thus
they are in some sense hidden. Here we point out that the existence of these correlations
is enlightened if the system is described as a physical ensemble of states and we introduce
the concept of hidden entanglement.
This paper is structured as follows. In Section 2 we introduce a definition of hidden
entanglement (HE) and illustrate the usefulness of this concept by a simple example.
In Section 3 we show that HE between two noninteracting qubits subject to a non-
Markovian stochastic process can be recovered by local pulses (acting only on one qubit).
The nature of the observed entanglement revivals and the relation of this phenomenon
Recovering Entanglement by Local Operations 3
Figure 1. (Color online) (a) Two quantum systems, A and B, initially prepared in an
entangled state are transferred to different locations where they do not interact each
other and are subject to local independent classical noise sources and local operations.
(b) The black (thin) line describes the most usual entanglement behaviour of the
considered system. In this article we will point out the possibility that this system
may exhibit a non monotonic entanglement behaviour without the action of any non-
local control, qualitatively sketched by the magenta (thick) line.
with the environment being classical or quantum, is clarified. In Section 4 we critically
discuss some key points related to the definition of HE. In particular, we show that
entanglement recovery does not violate the monotonicity axiom: entanglement cannot
increases under LOCC [3, 4, 7]. We draw our conclusions in Section 5.
2. Hidden entanglement
Let us consider a bipartite system described by an ensemble of states A = {(pi, |ψi〉)}.
That is, we know the statistical distribution of the bipartite pure states {|ψi〉}, occurring
with probabilities {pi}, so that ρ =
∑
i pi|ψi〉〈ψi|, but the state of any individual system
in the ensemble is unknown. The average entanglement of A is defined as [7, 8, 9, 10]:
Eav(A) =
∑
i
piE(|ψi〉〈ψi|). (1)
If each system in the ensemble evolves during time t under LOCC, the maximum amount
of entanglement of the corresponding density operator ρ(t) can never overcome the initial
value Eav(A). This statement can be proved by the following simple argument. Suppose
Charlie prepares a bipartite system in a (possibly entangled) pure state of the ensemble
A. Then he sends one half of the system to Alice and the other half to Bob through
noiseless quantum channels. Alice and Bob communicate only by a noiseless classical
channel. Charlie repeats this operation N times. Among these, a certain number Mj
of times Alice and Bob deal with the state |ψj〉. If Alice (or Bob) receives from Charlie
the classical information about which state he sent each time, in the limit of large
N Alice and Bob can distil - by only using LOCC - up to Mj E(|ψj〉〈ψj |) maximally
entangled states from the Mj states |ψj〉 at their disposal [7]. Distillable entanglement
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Figure 2. (Color online) Pictorial illustration of the concept of hidden entanglement.
Charlie prepares a large number of bipartite systems in the pure states |ψi〉, as
described by the quantum ensemble A = {(pi, |ψi〉)}. Here, for the sake of simplicity,
we assume that |ψi〉 can be chosen as |φ±〉 = (|00〉 ± |11〉)/
√
2 with the same
probability [12]. (a) Charlie sends one half of each system to Alice and the other half to
Bob through noiseless quantum channels. The entanglement Alice and Bob can distill
per pair vanishes, E(ρAB)=0, since Alice’s and Bob’s state ρAB =
∑
i pi|ψi〉〈ψi| =
1
2
(|00〉〈00| + |11〉〈11|) is separable. (b) Charlie uses a classical telephone line to
communicate the states preparation to Alice. The entanglement Alice and Bob can
now distill per pair is equal to 1 (Alice can perform a phase flip on her qubit, each time
she knows that the corresponding pair is |φ−〉, so that all Alice’s and Bob’s pairs at
the end are in the state |φ+〉). In the two scenarios, Alice and Bob physically share the
same system. Here the root of entanglement recovery lies in the acquisition of classical
information. Since this occurs in the absence of any interaction between the quantum
systems or entanglement transfer through a third quantum system, the phenomenon is
entirely due to the manifestation of quantum correlations already present in the system
and in this sense “hidden”.
is in fact the entropy of entanglement for pure bipartite states. Therefore, the maximum
entanglement that Alice and Bob can distill per pair, by using classical information from
Charlie, is
lim
N→∞
1
N
∑
i
MiE(|ψi〉〈ψi|) =
∑
i
piE(|ψi〉〈ψi|), (2)
which is just the average entanglement of Eq. (1) (limN→∞ MiN ≡ pi).
We define the hidden entanglement (HE) of the ensemble A = {(pi, |ψi〉)} as the
difference between the average entanglement of the ensemble and the entanglement [3, 4]
of the state ρ =
∑
i pi|ψi〉〈ψi| quantified by any convex measurement E(ρ) (reducing to
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the entropy of entanglement for pure states), that is‡
Eh(A) ≡ Eav(A)−E(ρ) =
=
∑
i
piE(|ψi〉〈ψi|)−E
(∑
i
pi|ψi〉〈ψi|
)
.
(3)
Due to convexity, Eh is always larger than or equal to zero. The meaning of HE Eq. (3)
is clear: It is the entanglement that cannot be exploited as a resource due to the lack
of knowledge about which state of the mixture we are dealing with (see Fig. 2). Such
entanglement can be recovered (unlocked [8, 11, 12]) once this classical information is
provided, without the help of any non local operation. We remark, as it is clear from the
definition Eq. (3), that HE is associated to the specific quantum ensemble description of
the system state. We will refer to situations where the system dynamics admits a single
physical decomposition in terms of an ensemble of pure state evolutions. This is always
possible, at least in principle, when the system is affected by classical noise sources, as
illustrated in Appendix A.1.
In the rest of this article we will illustrate the meaning of HE, expressed by
Eq. (3), with various examples. There exist several inequivalent measures of mixed
state entanglement [3, 4]. Here we consider the entanglement of formation Ef(ρ), which
is an upper bound for any bipartite entanglement measure [13], so that Eav−Ef (ρ) is a
lower bound for the hidden entanglement. Ef (ρ) can be readily computed for two-qubit
systems via the concurrence C(ρ) [14].
2.1. Entanglement revivals under random local fields
We first illustrate the concept of HE by considering a random, local dynamics and
demonstrating that, under proper conditions, a complete recovery of the entanglement
Ef (ρ) may occur.
A basic property of the average entanglement is its invariance under local unitary
transformations. In particular this is the case of the evolution in a random local
external field [15] inducing local random unitaries Uα(t) ⊗ Vβ(t) on a bipartite system,
with the operators Uα and Vβ acting respectively on the first and on the second
subsystem, and depending on the random variables α, β. Let us suppose that the
system is initially prepared in a pure state |ϕ(t0)〉 = |ϕ0〉. Thus at any subsequent
time the system is described by the quantum ensemble A(t) = {(pαβ, |ϕαβ(t)〉)}, with
|ϕαβ(t)〉 = (Uα(t)⊗Vβ(t))|ϕ0〉. The average entanglement of the ensemble A is conserved
by this dynamics, Eav(A(t)) = Eav(A(t0)). On the other hand, the entanglement of
the mixture ρ(t) =
∑
α,β pαβ|ϕαβ(t)〉〈ϕαβ(t)| is only upper bounded by the average
entanglement: Ef (ρ(t)) ≤ Eav(A(t)), implying that a variable (time dependent) HE
may exist. This is clearly illustrated by the following simple example.
Let us consider a two-qubit system AB initially prepared in the maximally
entangled Bell state |φ+〉. The time evolution consists of local unitaries, but we have
‡ Note that in Ref. [8] the expression “hidden entanglement” is used with a different meaning.
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no complete information about which local unitary is acting. In particular, we suppose
that the qubit A undergoes, with equal probability, a rotation about the x-axis of its
Bloch sphere, Ux(t) = e
−iσxωt/2, or a rotation around the z-axis, Uz(t) = e−iσzωt/2, while
the qubit B remains unchanged. Hence, the ensemble A at time t is
A(t) =
{(
1
2
, (Ux(t)⊗ 1 B)|φ+〉
)
,
(
1
2
, (Uz(t)⊗ 1 B)|φ+〉
)}
. (4)
Since we are dealing with random local unitaries, the average entanglement of A
is constant in time, Eav(A(t)) = 1. On the other hand, the entanglement of the
state ρ(t) changes in time. At t = pi
ω
, ρ(t) = 1
2
|φ−〉〈φ−| + 1
2
|ψ+〉〈ψ+| is separable,
whereas at 2t, Ux(2t) = Uz(2t) = 1 A and the initial maximally entangled state is
recovered §. In the interval [t, 2t] the entanglement revives from zero to one without the
action of any nonlocal quantum operation, thus apparently violating the monotonicity
axiom. The ensemble description tells us that at time t the system is always in an
entangled state (|φ−〉 or |ψ+〉), but the lack of knowledge about which local operation the
system underwent prevents us from distilling any entanglement: entanglement is hidden,
Eh(A(t)) = 1 and Ef (ρ(t)) = 0. At time 2t this lack of knowledge is irrelevant since
the two possible time evolutions result in the identity operation 1 A and entanglement
is recovered, Eh(A(2t)) = 0 and Ef(ρ(2t)) = 1.
We notice that entanglement revivals under random local fields have been studied
in Ref. [5]. Here we explain and quantify this phenomenon in terms of HE.
3. Entanglement recovery in the presence of classical non-Markovian noise
A fingerprint of the existence of HE is the possibility to completely recover entanglement
of a noisy bipartite system by the action of local pulses. Here we consider a simple system
consisting of two noninteracting qubits affected by classical non-Markovian noise. This
simplified model captures essential features of several nanodevices whose dynamics is
dominated by low-frequency noise [16, 17, 18, 19]. We suppose the two qubits are
initially prepared in a Bell state |ϕ0〉 and, for the sake of simplicity, assume that only
qubit A is affected by phase noise (pure dephasing), as described by (~ = 1)
HA(t) = [−ΩAσz + ε(t)σz + V(t)σx]/2 , (5)
where ε(t) is a stochastic process, and V(t) an external control field. Qubit B evolves
unitarily under a Hamiltonian HB(t).
To start with, we suppose that ε(t) is sufficiently slow to be considered static during
the evolution time t, with a value randomly fluctuating from one quantum evolution to
the other. We assume that ε is a Gaussian random variable with zero expectation
value and standard deviation σ. V(t) indicates a hard echo pi-pulse at time t, short
enough to neglect the effect of noise during its application. The evolution operator
during the pulse is e−iσxpi/2 = −iσx. Static noise [16, 17, 18, 19] produces an effect
analogous to inhomogeneous broadening in nuclear magnetic resonance (NMR) [20]. The
§ We use the notation |ψ±〉 = (|01〉 ± |10〉)/√2
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system dynamics is described by the quantum ensemble A(t) = {p(ε)dε, |ϕε(t)〉}, where
|ϕε(t)〉 = Tˆ e−i
∫ t
0
HA(t′)dt′⊗Tˆ e−i
∫ t
0
HB(t′)dt′ |ϕ0〉 and p(ε) is the Gaussian probability density
function of ε (see Appendix A.1). Note that for each realization of the stochastic process
ε(t) the system state acquires a random phase. In the density operator description of
the system, the information about such random phase is lost by averaging the evolved
pure state |ϕε(t)〉 with respect to the random variable ε: ρ(t) =
∫
dεp(ε)|ϕε(t)〉〈ϕε(t)|.
A system prepared in a Bell state |ϕ0〉 evolves in a mixture whose concurrence C(ρ(t))
is twice the absolute value of the only non-zero coherences, and reads
C(ρ(t)) =
{
e−
1
2
σ2t2 , 0 ≤ t ≤ t,
e−
1
2
σ2(t−2t)2 , t ≤ t ≤ 2t . (6)
The entanglement of formation Ef (ρ(t)) is obtained directly from C(ρ(t)) [14]:
Ef(ρ(t)) = h
(1 +√1− C(ρ(t))2
2
)
, (7)
where h(x) = −x log2 x − (1 − x) log2(1 − x). In absence of pulses, Ef decays and
almost vanishes, Ef (ρ(t)) ≃ 0, at times σt ≫ 1, see Fig. 3, left panel, thick (red)
curve. Differently, after the action of a local pulse at t = t the entanglement increases
reaching at t = 2t its initial maximum value Ef (ρ(2t)) = E
max
f = 1 (thin blue curve).
This is exactly the average entanglement (dashed line) of the evolved physical ensemble
A, Eav(A(t)) = 1. Indeed for each realization of ε(t), the system remains in a pure
maximally entangled state.
In the general case of a Gaussian stochastic process ε(t) the concurrence can be
expressed in the form [18, 21]
C(ρ(t)) = e−
1
2
∫+∞
−∞
dω
2pi
S(ω)F (ω,t)
ω2 (8)
where S(ω) =
∫ +∞
−∞ dte
−iωt〈ε(t)ε(0)〉 is the power spectrum of the process ε(t). The
function F (ω, t) represents a filter function [18, 21] depending on the system unitary
evolution. When the system freely evolves underHA(t) in the absence of external control
actions (V(t) = 0 in (5)), the filter function Ffree(ω, t) reads
Ffree(ω, t) = 4 sin
2
(ωt
2
)
. (9)
For an echo protocol, with a pi-pulse at time t the filter function reads [17]
Fecho(ω, t) = 4
[
sin2
ωt¯
2
+ sin2
ω(t− t¯)
2
− 2 cos ωt
2
sin
ωt¯
2
sin
ω(t− t¯)
2
]
.(10)
We consider a stochastic process with an exponential autocorrelation function,
〈ε(t)ε(0)〉 = σ2e−|t|/τ , with noise correlation time τ . Also in this case, a local echo
pulse leads to a significant entanglement recovery provided that the noise correlation
time is sufficiently large, τ ≫ t (Fig. 3, left panel, dotted lines). Better performances
can be achieved applying a train of pulses. For a periodic dynamical decoupling (PDD)
protocol, i. e. a sequence of pi-pulses applied at equally spaced times tk = k∆t, the
concurrence takes the form (8) with the filter function [22]
F
(∆t)
PDD(ω, t) =
∣∣∣1 + (−1)n¯eiωt + 2 n¯∑
k=1
(−1)keiωk∆t
∣∣∣2, (11)
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Figure 3. (Color online) Entanglement of formation Ef (ρ(t)) as a function of the
dimensionless time σt. Left panel: The thick (red) curve corresponds to the free
evolution in the presence of static noise, the thin (blue) solid curve is the result of the
echo pulse applied at time σt = 4 (indicated by the arrow), Eq. (6). The dashed line
is the system average entanglement Eav(A(t)) = 1. Dotted curves represent Ef (ρ(t))
for a ε(t) with a Lorentzian power spectrum when an echo pulse is applied at time
σt¯ = 4, from Eqs. (8) and (10). From bottom to top: στ = 20 (cyan curve), 100
(orange curve), 200 (green curve), and 500 (purple curve). Perfect recovery is obtained
in the limit τ/t → ∞, corresponding to static noise (blue thin solid curve). Right
panel: The (red) thick solid curve corresponds to Ef (ρ(t)) evaluated for a stochastic
process ε(t) with a Lorentzian power spectrum and correlation time στ = 20, in the
case of free evolution, from Eqs. (8) and (9). The other curves refer to a PDD protocol
applied to qubit A with equally spaced pi-pulses, applied at times tk = k∆t. Ef (ρ(t))
is numerically evaluated from Eqs. (8) and (11): τ/∆t = 5 for the dotted (cyan) curve,
τ/∆t = 10 for the dot-dashed (brown) curve, τ/∆t = 20 for the dashed (gray) curve
and τ/∆t = 80 for the thin solid (blue) curve. Almost perfect recovery is obtained
when τ/∆t≫ 1.
where n¯ denotes the integer part of t
∆t
. In this case, the recovery improves with
increasing the ratio τ/∆t between the noise correlation time and the time interval
between consecutive pulses, see Fig. 3, right panel.
These examples show the possibility to fully recover the entanglement E(ρ) by a
local operation. The physical mechanism behind this phenomenon is very simple: a local
pi-pulse applied at some time t¯ refocuses the different qubit quantum evolutions restoring
at time 2t the qubit A coherence and consequently (qubit B evolves unitarily) causing
the entanglement to reappear, with an efficiency depending on the correlation time of
the stochastic process. Note that the non-Markovian nature of the stochastic process is a
necessary (but not sufficient) condition for the non-monotonous entanglement behaviour.
Indeed, to observe revivals the environment must keep memory of its states on a time
scale larger than the system evolution time. Under this condition, after the pulse
there is a “back-flow” [23] of the classical information on the system’s phase which
the environment has acquired during the evolution before the pulse.
Entanglement revival after the application of the pulses may appear paradoxical at
first sight. Entanglement is by definition a nonlocal resource, whereas we only acted
locally on one qubit, without any transfer of entanglement from the environment which
is a classical noise source. The key point is that here entanglement is not destroyed
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during the time evolution, as indicated by the average entanglement of the ensemble
A describing the system dynamics, which is maximum at any time Eav(A(t)) = 1.
Entanglement is instead hidden: because of the lack of classical knowledge on the system
state due to defocusing among the different evolutions of the (maximally entangled)
states of A(t), the HE grows before the pulse is applied. After the pulse, this lack
classical knowledge is gradually reduced, vanishing in the limit τ/t¯ → ∞ (echo) or
τ/∆t→∞ (PDD). This is the reason why entanglement can be recovered without any
nonlocal control.
3.1. Nature of entanglement revivals
The phenomenon of entanglement revivals we have examined is conceptually different
from the revivals that a system can exhibit due to the interaction with a non-
Markovian quantum environment. Indeed, in this last case, system and environment
can also develop quantum correlations, and entanglement revivals may originate from a
different physical mechanism. To exemplify the conceptual difference between these two
situations here we consider a fully quantum system where the entanglement dynamics
cyclically decreases, vanishes at a time t¯ and then increases, analogously to the case of
two qubits in random local fields.
Let us consider a two-qubit system A-B where A resonantly interacts with
a quantum harmonic oscillator O via a Jaynes-Cummings (JC) Hamiltonian, an
assumption frequently performed in cavity quantum electrodynamics (QED) (see, for
instance, [24, 25]). Qubit B is virtually isolated from any environment. Initially, the two
qubits are prepared in the Bell state |φ+AB〉 and O in its ground state |0O〉, see Fig. 4(a)
left. In the interaction picture, the Hamiltonian is HAO = g(σ+a + σ−a†), where g is
the coupling constant, σ+ (σ−) the qubit raising (lowering) operator, and a† (a) the
oscillator creation (annihilation) operator. At time t¯ = pi/g the states of A and O are
swapped with respect the initial state, and the global state becomes |0A〉 ⊗ |φ+BO〉, see
Fig. 4(a) right. We have that ρAB(t¯) = |0A〉⊗ 121 B, the A-B entanglement is zero, being
completely transferred to B-O. At time t¯, any unravelling of the A-B dynamics (see
Appendix A.2) gives a quantum ensemble whose average entanglement is zero, so that
Eh(t¯) = 0: at this time no classical communication or local operation can help to recover
any entanglement between A and B. Only the subsequent interaction between A and O
can gradually restore the A-B entanglement: At time 2t¯, when a new A-O swapping is
completed, the initial state is just retrieved. Therefore, the entanglement revival is here
due to the perfect entanglement back-transfer, as well-known in the literature [26, 27].
This explanation is unsuitable for the examples considered above in this paper,
where the environment is classical and no entanglement transfer is possible. In those
cases, during the dynamics, the environment acquires only classical information about
the system A-B and does not entangle with A or B. Quantum correlations do not
leave the system A-B but they are simply not accessible due to the lack of classical
information. Indeed, if at time t¯ when Eh(t¯) = 1, someone provides A-B with the
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Figure 4. (Color online) Panel (a): Two qubits are initially (gt = 0) prepared
in the Bell state |φ+AB〉 = (|00〉 + |11〉)/
√
2. Qubit B is virtually isolated from any
environment. Qubit A resonantly interacts with an harmonic oscillator O via a Jaynes
Cummings Hamiltonian. The oscillator is initially in its ground state |0O〉. At time
gt = pi, because of the interaction between A and O, the states of the two systems are
swapped. Panel (b): Entanglement of formation Ef (ρAB(t)) (thick red line), average
entanglement Eav(A(t)) from Eq. (14) relative to AB quantum ensemble Eqs. (12)-
(13) (thin blue line) and corresponding hidden entanglement Eq. (15) (dashed line) as
a function of the dimensionless time gt. The vanishing AB entanglement at gt = pi
is due to entanglement transfer to the BO system, not to the lack of any classical
information on the system AB.
classical information about which random unitary the system underwent (in the case
of random local fields) or about which random phase is added to the system states
(in the case of stochastic pure-dephasing noise), then all the A-B entanglement can be
recovered.
In order to get further insight on the phenomenon occurring in the quantum system
ABO, here we estimate the hidden entanglement between A and B. To this end we
suppose to perform a measurement of the system O in the orthonormal basis {|0〉, |1〉}‖.
Under these conditions the physical quantum ensemble describing the AB quantum
dynamics reads A = {(p0(t), |ϕ0(t)〉), (p1(t), |ϕ1(t)〉)}, where
p0(t) =
1
2
(1 + cos2(gt/2)), p1(t) =
1
2
sin2(gt/2) (12)
are respectively the probability that the system O is found in |0〉 or in |1〉, and
|ϕ0(t)〉 = 1√
2p0(t)
(|00〉+ cos(gt/2)|11〉), |ϕ1(t)〉 = |01〉 (13)
are the corresponding system AB states. Note that only the state |ϕ0(t)〉 is an entangled
state. Therefore the average entanglement of the quantum ensemble A is given by:
Eav(A, t) = p0(t)E(|ϕ0(t)〉〈ϕ0(t)|) = 1 + η
2
f
( 2√η
1 + η
)
(14)
‖ The physical decomposition of the AB system interacting with another quantum system in general
is not unique, see Appendix A.2. The decomposition we choose may be physically realizable in
cavity QED systems, moreover one can numerically check that it gives the largest amount of average
entanglement [28].
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and the hidden entanglement reads
Eh(A, t) = Ef (ρAB(t)) − Eav(A, t) = f(√η) − 1 + η
2
f
( 2√η
1 + η
)
, (15)
where we set f(x) ≡ h(1+
√
1−x2
2
), with the function h defined below Eq. (7), and
η = cos2(gt/2). In Fig. 4(b) we show Eav(A, t) (thin blue line), the entanglement
of formation Ef (ρAB(t)) (tick red line) and the corresponding hidden entanglement
Eh(A(t)) (dashed line)¶. We observe the existence of a small amount of HE at times
gt 6= pi. It represents the extra (with respect to the entanglement of formation) amount
of entanglement that it would be possible to recover if the classical information coming
from measurements of the quantum state of O would be available. The fact that
Eh(A(t)) is much smaller than the initially present entanglement indicates that the
main mechanism underlying the decrease (recover) of AB entanglement, it is not the
loss (gain) of classical information on the system AB, but it is rather the development
(regression) of quantum correlations between B and O.
A few remarks are now in order. Similar entanglement revivals can be observed
when the quantum harmonic oscillator interacts with an environment inducing a non-
Markovian dynamics of A-B (O plus its environment representing a structured bath
acting locally on A and influencing nontrivially the quantum evolution of AB). In this
case, the entanglement recovery signals the non-Markovian quantum evolution of one
of the parts of the bipartite system AB acted by a quantum environment, as discussed
in Ref. [29]. The example of the two qubits affected by low-frequency noise highlights
that when a bipartite quantum system is affected by classical non-Markovian noise,
the induced non-Markovian dynamics of the bipartite system does not justify by itself
the occurrence of entanglement revivals between the independent subsystems. Indeed,
in Fig. 3 the dynamics without pi-pulses is non-Markovian and entanglement revivals
do not appear. We may summarize the above observations saying that the origin of
entanglement revivals displayed by a noninteracting bipartite quantum system may be
either due to (i) a back-and-forth transfer of quantum correlations with a quantum
environment possibly acting locally on one of the two subsystems and inducing a non-
Markovian dynamics, or to (ii) the action of local operations on one subsystem affected
by a classical non-Markovian noise source. In this last case the recovery is just the
manifestation of quantum correlations which remain “hidden” in the quantum system,
i.e. not directly available in the density matrix description of the system state.
4. Discussion
From the examples above we argue that recovery of entanglement is achievable without
nonlocal operations, when various members of the physical ensemble evolve differently
from each other but unitarily. In this case, even though the evolution of the ensemble
¶ It is worth to notice that Eq. (15) also gives the hidden entanglement associable to an amplitude
damping channel [1, 2] applied to the qubit A, where 1− η is the probability that A looses a photon.
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averaged density matrix is not unitary, no qubit-environment entanglement is generated.
Using a terminology borrowed from NMR [30] we speak of incoherent errors, whereas
decoherent errors arise when the evolution is non-unitary even for a single member of
the ensemble. For this latter case the average entanglement decays.
We point out that HE depends on the quantum ensemble physically giving the
system state. The key point is that the physical dynamics subsumes a specific
decomposition for the evolved density matrix of the system. In the above examples
relative to random local fields and classical non-Markovian noise, such physical
decomposition is always an ensemble of maximally entangled states. Had we considered
a dynamics such as to give, at t = t¯, a mixture of separable states as decomposition
of the system density matrix, no local operation would have been capable to recover
entanglement (Eh(t¯) = 0). The dynamics of the system after the application of the
pulse proves that, at time t¯, the two decompositions are not equivalent.
Finally, we remark that the results of the previous examples do not violate the
monotonicity axiom [3, 4, 7]: entanglement cannot increase under LOCC. The key point
is that this axiom is fulfilled by all entanglement measures provided we consider local
operations which are completely positive, trace preserving (CPT) maps. On the other
hand, not all physical operations result in a composition of completely positive trace
preserving maps across successive time intervals: there exist non-divisible dynamical
maps, as discussed in Refs. [23, 29]. In the previous examples entanglement recovery,
from time t¯ to time 2t¯, is induced by purely local operations which are not LOCC, since
the corresponding density matrix evolution cannot be described by a CPT map. To
prove this point, it is enough to observe that the density matrix is such that ρ(2t¯) = ρ(0).
Therefore driving the system from the state ρ(t¯) to ρ(2t¯) is equivalent to driving it to
ρ(0). This operation cannot be described by a CPT map since the (CPT) evolution
from time 0 to time t¯ is not invertible.
5. Conclusions
In conclusion, we have introduced the concept of hidden entanglement (HE) based on
the description of the system dynamics in terms of the ensemble of pure states physically
underlying the system time evolution. We used the concept of HE to give a physical
explanation on the phenomenon of entanglement revivals, in those cases in which the
system is subject to classical noise sources. We showed as there is no violation of the
entanglement monotonicity axiom because no entanglement is destroyed and created
in this case: a nonzero HE signals a loss of entanglement that is not due to the
establishment of quantum correlations with the environment. Quantum correlations
remain within the system, but they are not exploitable due to the lack of classical
information.
The concept of HE can be also applied when a system interacts with a quantum
environment. In these cases, however, evaluation of HE requires some environment
“monitoring strategy” [9, 10, 28, 31, 32, 33, 34, 35], in order to realize a statistical
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ensemble of pure state evolutions which physically underlies the system dynamics.
We stress that our analysis has direct application to solid state nanodevices which
prevalently suffer from low-frequency noise. Indeed HE may be a figure of merit
indicating the amount of entanglement resources which can be recovered by using local
sequences of standard pulses, an appealing feature for quantum control in distributed
architectures for quantum computing where different subunits are subject to different
non-Markovian noise sources. This allows us to avoid resorting to non-local control [36],
which may be a much more demanding task.
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Appendix A. Quantum ensembles and system dynamics
Appendix A.1. Evolution in the presence of classical noise
In this Appendix we demonstrate that when a system is affected by classical noise
sources its dynamics admits a single physical decomposition in terms of an ensemble
of pure state evolutions. To this end let us consider a quantum system Q that evolves
according to the following Hamiltonian:
HQ(t) = H0 + qˆ x(t), (A.1)
where H and qˆ are Hermitian operators acting on the system’s Hilbert space, and x(t)
is a stochastic process representing the effect of a classical noise source. The system
quantum evolution for a given realization of x(t) is expressed in terms of the evolution
operator
UQ(t|x(t)) = Tˆ e−i
∫ t
0 dt
′HQ(t′) . (A.2)
Assuming that the system is initially prepared in a pure state |ψ(t = 0)〉 = |ψ0〉, the
system state at a generic time t is
|ψ(t|x(t))〉 = UQ(t|x(t))|ψ0〉 . (A.3)
The system evolution is represented by the quantum ensemble
A =
{
P [x(t)], |ψ(t|x(t))〉
}
(A.4)
where P [x(t)] is the probability of a given realization x(t). The system density matrix
is obtained by averaging over the quantum ensemble (A.4), and it is expressed as a path
integral:
ρ(t) =
∫
D[x(t)]P [x(t)] |ψ(t|x(t))〉〈ψ(t|x(t))| . (A.5)
Recovering Entanglement by Local Operations 14
This description applies to several scenarios in the solid state [20, 37]. In relevant
situations the stochastic process x(t) can be consider static during the time evolution
(see for instance [16]). In these cases x(t) can be replaced by a random variable x
and the probability P [x(t)] is replaced with the probability density function p(x). The
path-integral (A.5) reduces to an ordinary integral:
ρ(t) =
∫
dx p(x) |ψx(t)〉〈ψx(t)|, A = {p(x)dx, |ψx(t)〉}, (A.6)
where |ψx(t)〉 = |ψ(t|x)〉. If x is a discrete random variable the quantum ensemble
reduces to the general form introduced in Section 2
A = {pi, |ψi(t)〉}, ρ(t) =
∑
i
pi|ψi(t)〉〈ψi(t)|, (A.7)
where pi ≡ p(x = xi), and |ψi(t)〉 = |ψ(t|xi)〉.
Appendix A.2. Evolution in the presence of a quantum environment
The above description in terms of quantum ensemble is no longer unique when the
quantum system interacts with a quantum environment. To illustrate this fact let us
suppose that the quantum system is coupled to a quantum environment E with a total
Hamiltonian for Q and E given by
HQE = H0 + qˆ ⊗ XˆE +HE , (A.8)
where H0 and qˆ are the same system Q operators which appear in (A.1), XˆE is an
Hermitian operator for the environment E and HE is free evolution Hamiltonian for the
environment. The system-plus-environment evolves unitarily with
UQE(t) = e
−iHQEt. (A.9)
For the sake of simplicity here we assume that the system QE is initially in the state
|ΨQE(0)〉 = |ψ0〉 ⊗ |ξE〉 [1, 2]. The system QE state at time t is:
|ΨQE(t)〉 = UQE(t)|ψ0〉 ⊗ |ξE〉. (A.10)
The reduced density matrix of Q is
ρQ = TrE
{
UQE(t) |ψ0〉〈ψ0| ⊗ |ξE〉〈ξE|U †QE(t)
}
. (A.11)
The trace operation on the environment E can be carried out by choosing an
orthonormal basis κ = {|kE〉} for E:
ρQ =
∑
k
〈kE|
(
UQE(t) |ψ0〉〈ψ0| ⊗ |ξE〉〈ξE|U †QE(t)
)
|kE〉
=
∑
k
〈kE|UQE(t)|ξE〉 |ψ0〉〈ψ0|〈ξE|U †QE(t)|kE〉
=
∑
k
UQk(t) |ψ0〉〈ψ0|U †Qk(t),
(A.12)
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where UQk(t) ≡ 〈kE|UQE(t)|ξE〉 are system Q operators. Note that in general UQk(t)
are not unitary operators. By defining the normalized Q state
|ψk(t)〉 = 1√
ηk
UQk(t)|ψ0〉, (A.13)
where
ηk = 〈ψ0|U †Qk(t)UQk(t)|ψ0〉, (A.14)
the reduced density matrix for Q reads
ρQ(t) =
∑
k
ηk|ψk(t)〉〈ψk(t)|. (A.15)
The trace operation corresponds to perform a measurement of the system E with respect
to the orthonormal basis κ = {|kE〉}. When the outcome of the measurement is k then
the system Q is in the pure state |ψk(t)〉. Therefore, the system Q is described by the
quantum ensemble
Aκ = {ηk, |ψk(t)〉}, (A.16)
where ηk is the probability to obtain the outcome k, given by (A.14). We have
unravelled the Q dynamics into a statistical ensemble of pure state evolutions, the
so-called quantum trajectories [38].
The measurement of the environment E removes the arbitrariness of the ρQ
decomposition, the system Q being physicraally described [9, 10, 28, 33, 39] by the
ensemble (A.16). Once the classical information about the outcomes k is known, the
average entanglement Eav(Ak) can be obtained by means of local operations. Also in
this case, hidden entanglement represents the amount of entanglement which can be
recovered, once the classical information is provided to the system. We remark that in
general the above information about the environment is not easily accessible, since the
environment is supposed to represent an ensemble of a huge number of uncontrollable
degrees of freedom. Nevertheless, under limiting situations it may be possible to have
some control on a selection of those degrees of freedom [35].
The above considerations also point out that when a system interacts with
a quantum environment, the average entanglement (and consequently the hidden
entanglement) depends on the adopted environment monitoring strategy. One can in
principle look for the system ensemble with the largest amount of average entanglement;
this maximum entanglement is called entanglement of assistance [40] or localizable
entanglement [41]. This “best” ensemble is not always achievable, since one has to
deal with physically realizable measurements [10, 28].
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